Abstract. We extend to orbifolds classical results on quantum ergodicity due to Shnirelman, Colin de Verdière and Zelditch, proving that, for any positive, first-order self-adjoint elliptic pseudodifferential operator P on a compact orbifold X with positive principal symbol p, ergodicity of the Hamiltonian flow of p implies quantum ergodicity for the operator P . We also prove ergodicity of the geodesic flow on a compact Riemannian orbifold of negative sectional curvature.
Introduction and main results
Orbifolds were first introduced in the 1950s by Satake as topological spaces generalizing smooth manifolds. Since then, orbifolds became clearly important objects both in mathematics and in mathematical and theoretical physics. The main purpose of this paper is to generalize to orbifolds some basic results on quantum and classical ergodicity. We refer the reader to [33] for a survey of recent results on quantum ergodicity.
Let X be a compact orbifold, and P a positive, first-order self-adjoint elliptic pseudodifferential operator on X with positive principal symbol p ∈ S 1 (T * X). (Here S m (T * X) denotes the space of smooth functions on T * X \ {0}, homogeneous of degree m with respect to a fiberwise R-action on T * X.) As an example, one can consider P = √ ∆ X , where ∆ X is the LaplaceBeltrami operator associated to a Riemannian metric g X on X.
The spectrum of P is discrete, and there is an orthonormal basis of eigenfunctions {ψ j } with corresponding eigenvalues {λ j }:
Let f t be the bicharacteristic flow of the operator P , that is, the restriction of the Hamiltonian flow of p to S * p X = {(x, ξ) ∈ T * X : p(x, ξ) = 1}. In particular, the bicharacteristic flow of the operator P = √ ∆ X is the geodesic flow of the metric g X on the cosphere bundle S * X = {(x, ξ) ∈ T * X : |ξ| = 1}.
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For any A ∈ Ψ 0 (X), we denote by σ A ∈ S 0 (T * X) the principal symbol of A. Define a functional ω on Ψ 0 (X) by
where dµ is the Liouville measure on S * p X. The next theorem is an orbifold version of the quantum ergodicity theorem of Shnirelman, Colin de Verdière, and Zelditch [26, 8, 31] . Theorem 1.1. If the flow f t is ergodic on (S * p X, dµ) then there is a subsequence {ψ j k } of density one such that for any A ∈ Ψ 0 (X) lim k→∞ Aψ j k , ψ j k = ω(A).
This theorem can be reformulated in terms of the operator averages as in [32] . For any A ∈ Ψ 0 (X) denote
where the limit is taken in the weak operator topology.
Consider the eigenvalue distribution function N (λ) of the operator P :
Let E λ denote the spectral projection of P , corresponding to the semi-axis (−∞, λ]. Thus, we have N (λ) = tr E λ . Theorem 1.2. If the flow f t is ergodic on (S * p X, dµ) then for any A ∈ Ψ 0 (X) we have A = ω(A)I + K, where
To provide examples of ergodic geodesic flows on orbifold, we prove the following extension of a classical result by Anosov [2] . Theorem 1.3. The geodesic flow on a compact Riemannian orbifold of negative sectional curvature is ergodic.
As an example of a compact Riemannian orbifold of negative sectional curvature, one can consider the hyperbolic orbifold H n /Γ, which is the quotient of the n-dimensional hyperbolic space H n by a cocompact discrete group Γ of orientation-preserving isometries of H n .
Spectral theory of elliptic operators on orbifolds has received much attention recently (see, for instance, a brief survey in the introduction of [10] ). In [29] , the Duistermaat-Guillemin trace formula was extended to compact Riemannian orbifolds. This formula has been applied in [15] to an inverse spectral problem on some orbifolds. In [22] , we stated two versions of Egorov's theorem for orbifolds as well as Egorov's theorem for matrix-valued pseudodifferential operators on orbifolds. One should also mention the papers [3, 4, 23] , where some properties of quantum systems on hyperbolic orbifolds were studied.
The paper is organized as follows. Section 2 contains some background information on orbifolds. Section 3 is devoted to classical dynamical systems on orbifolds. Here we prove Theorem 1.3 on ergodicity of geodesic flows. In Section 4 we prove Theorems 1.1 and 1.2. Section 5 contains the proof of the local Weyl law for elliptic operators on orbifolds, which we use in Section 4.
Preliminaries
In this section we briefly review some basic notions and results concerning orbifolds. For more details on orbifold theory we refer the reader to [1] .
2.1. Orbifolds. Let X be a Hausdorff topological space. An n-dimensional orbifold chart on X is given by a triple (Ũ , G U , φ U ), whereŨ ⊂ R n is a connected open subset, G U is a finite group acting onŨ smoothly and
An orbifold atlas on X is a family U = {(Ũ , G U , φ U )} of orbifold charts, which cover X and are locally compatible: given any two charts (Ũ , G U , φ U ) over φ U (Ũ ) = U ⊂ X and (Ũ , G V , φ V ) over φ V (Ṽ ) = V ⊂ X, and a point x ∈ U ∩ V , there exists an open neighborhood W of x and a chart (W , G W , φ W ) over W such that there are embeddings
An (effective) orbifold X of dimension n is a paracompact Hausdorff topological space equipped with an equivalence class of n-dimensional orbifold atlases.
Throughout in the paper, X will denote a compact orbifold. Let x ∈ X and let (Ũ , G U , φ U ) be an orbifold chart such that x ∈ U = φ U (Ũ ). Take anyx ∈Ũ such that φ U (x) = x. Let Gx ⊂ G U be the isotropy group forx. Up to conjugation, this group doesn't depend on the choice of chart and will be called the local group at x. For any x ∈ X, there exists an orbifold chart (Ũ , G U , φ U ) such that x ∈ U = φ U (Ũ ) and G U coincides with the local group Gx at x. Such an orbifold chart is called a fundamental orbifold chart in a neighborhood of x.
A function f : X → C is smooth iff for any orbifold chart (Ũ , G U , φ U ) the composition f | U • φ U is a smooth function onŨ . Denote by C ∞ (X) the space of smooth functions on X.
2.2.
The cotangent bundle. The cotangent bundle T * X of X is an orbifold whose atlas is constructed as follows. Let (Ũ , G U , φ U ) is an orbifold chart over U ⊂ X. Consider the local cotangent bundle T * Ũ =Ũ × R n .
It is equipped with a natural action of the group G U . The projection map T * Ũ →Ũ is G U -equivariant, so we obtain a map p U : T * U := T * Ũ /G U → U , whose fiber p −1 U (x) is homeomorphic to R n /Gx. T * X is obtained by gluing together the bundles p U : T * U → U defined for each chart U in the atlas of X. Namely, let (Ũ , G U , φ U ) and (Ṽ , G V , φ V ) be two orbifold charts over φ U (Ũ ) = U ⊂ X and φ V (Ṽ ) = V ⊂ X respectively, and let x belong to U ∩ V . By definition, there exist an open neighborhood W of x and a chart (W , G W , φ W ) over W such that there are embeddings
, the transition function. There are induced equivariant embeddings of cotangent bundles T * λ U :
Like in the manifold case, the cotangent bundle T * X carries a canonical symplectic structure. Here by a symplectic form on an orbifold Y we mean an orbifold atlas
An orbifold Y equipped with a symplectic form ω is called a symplectic orbifold. The canonical symplectic structure on T * X can be constructed as follows. Consider the orbifold chart (T * Ũ , G U , T * φ U ) induced by an orbifold chart (Ũ , G U , φ U ). T * Ũ carries a canonical symplectic form ω T * Ũ , which is invariant with respect to the G U -action on T * Ũ . These symplectic forms are compatible for two different orbifold charts and define a symplectic form on T * X.
Quotient presentations.
We will need the following well-known fact from orbifold theory due to Kawasaki [18, 19] (see, for instance, [5, 24] for a detailed proof).
Proposition 2.1. Let M be a smooth manifold and K a compact Lie group acting on M with finite isotropy groups. Then the quotient X = M/K (with the quotient topology) has a natural orbifold structure. Conversely, any orbifold is a quotient of this type.
Any representation of an orbifold X as the quotient X ∼ = M/K of an action of a compact Lie group K on a smooth manifold M with finite isotropy groups will be called a quotient presentation for X. There is a classical example of a quotient presentation for an orbifold X due to Satake. Choose a Riemannian metric on X. It can be shown that the orthonormal frame bundle M = F (X) of the Riemannian orbifold X is a smooth manifold, the group K = O(n) acts smoothly, effectively and locally freely on M , and M/K ∼ = X.
A quotient presentation X ∼ = M/K for the orbifold X gives rise to a quotient presentation for the cotangent bundle T * X of X in the following way. The action of K on M induces an action of K on the cotangent bundle T * M . Denote by k the Lie algebra of K. For any v ∈ k, denote by v M the corresponding infinitesimal generator of the K-action on M . For any x ∈ M , vectors of the form v M (x) with v ∈ k span the tangent space T x (Kx) to the K-orbit of x. Denote
Since the action is locally free, the disjoint union
is a subbundle of the cotangent bundle T * M , called the conormal bundle.
thus giving a quotient presentation for T * X. This construction is a particular case of the Marsden-Weinstein symplectic reduction (see [22] for details).
Pseudodifferential operators.
Here we recall some basic facts about pseudodifferential operators on orbifolds (see [5, 12, 13] for details). As above, let X be a compact orbifold. A linear mapping P : C ∞ (X) → C ∞ (X) is a (pseudo) differential operator on X of order m iff:
(1) the Schwartz kernel of P is smooth outside of any neighborhood of the diagonal in X × X.
(2) for any x ∈ X and for any orbifold chart (Ũ , G U , φ U ) with x ∈ U , the operator
is given by the restriction to G U -invariant functions onŨ of a (pseudo)differential operatorP of order m onŨ that commutes with the G U action.
All our pseudodifferential operators are assumed to be classical (or polyhomogeneous), that is, their complete symbols can be represented as an asymptotic sum of homogeneous functions. Denote by Ψ m (X) the class of pseudodifferential operators on X of order m.
It is not hard to show [5, Proposition 3.3] that the operatorP introduced in the part (2) of the definition is unique up to a smoothing operator. In particular, it is unique if P is a differential operator. A pseudodifferential operatorP onŨ that commutes with the G U -action has a principal symbol p ∈ C ∞ (T * Ũ \ {0}) that is invariant with respect to the G U -action on T * Ũ , and therefore it induces a function on the quotient T * Ũ \ {0}/G U = T * U \{0}. One can check that these functions define a function on T * X \{0}, the principal symbol of P . The pseudodifferential operator P on X is elliptic ifP is elliptic for all choices of orbifold charts.
3. Classical dynamics on orbifolds 3.1. Hamiltonian dynamics. The flow F t on a symplectic orbifold (Y, ω) is Hamiltonian with a Hamiltonian H ∈ C ∞ (Y ) if, in any orbifold chart (Ũ , G U , φ U ), the infinitesimal generator X H of the flow satisfies the standard relation
Proof. Let Y ∼ = N/K be a quotient presentation for the orbifold Y and π : N → Y the corresponding projection map. Let H be a K-invariant distribution on N such that H x ⊕T x (Kx) = T x N for any x ∈ N (a horizontal distribution). For instance, we can choose a K-invariant Riemannian metric on N and take H x to be the orthogonal complement of T x (Kx) in T x N , x ∈ N . For any x ∈ N , there exists a unique vectorṽ(x) ∈ H x such that dπ x (ṽ(x)) = v(π(x)). Letφ t be the one-parameter group of diffeomorphisms of N generated byṽ. Eachφ t is a K-invariant diffeomorphism of N and therefore induces a diffeomorphism φ t of Y . It is easy to see that {φ t } is the one-parameter group of diffeomorphisms of Y generated by v.
The existence of the Hamiltonian flow f t on the cotangent bundle T * X of a compact orbifold X with Hamiltonian p ∈ S 1 (T * X) follows immediately from Theorem 3.1 applied to the corresponding Hamiltonian vector field v on an arbitrary level set {(x, ξ) ∈ T * X : p(x, ξ) = E}, E > 0. In this case, one can give another construction of the corresponding Hamiltonian flow f t based on symplectic reduction. Let X ∼ = M/K be a quotient presentation for X. Consider a Hamiltonian p ∈ C ∞ (T * X) as a smooth K-invariant function on T * K M . Letp ∈ C ∞ (T * M ) K be an extension of p to a smooth K-invariant function on T * M . Letf t be the Hamiltonian flow ofp on T * M . Sincep is K-invariant, the flowf t preserves the conormal bundle T * K M , and its restriction to T * K M (denoted also byf t ) commutes with the Kaction on T * K M . So the flowf t on T * K M induces a flow f t on the quotient T * K M/K = T * X, which is called the reduced flow. One can show that this flow is a Hamiltonian flow on T * X with Hamiltonian p. We refer the reader to [28] for more information on Hamiltonian dynamics on singular symplectic spaces.
3.2.
Proof of Theorem 1.3. Let X be a compact Riemannian orbifold of negative sectional curvature and f t : S * X → S * X the geodesic flow of X. Let X ∼ = M/K be a quotient presentation for X. It gives rise to the quotient representation for S * X:
. Let H be a horizontal distribution on S * K M and letf t be a K-invariant flow on S * K M , which is the horizontal lift of the flow f t to S * K M as in the proof of Theorem 3.1. Lemma 3.2. The flowf t on S * K M is a partially hyperbolic flow. We recall that the flowf t is a partially hyperbolic if the diffeomorphism f 1 is partially hyperbolic, which means that there are distributions E s , E c and E u on S * K M , which are invariant under the map df 1 :
and there exist C > 0 and
such that for n > 0 we have
Proof of Lemma 3.2. Let (Ũ , G U , φ U ) be an orbifold chart over U ⊂ X and (T * Ũ , G U , T * φ U ) the induced orbifold chart over T * U ⊂ T * X. The lift of the flow f t to S * Ũ is the geodesic flow of the metric gŨ onŨ (denoted also by f t ). Since gŨ has negative sectional curvature, f t is an Anosov flow, that is, there are distributions
where E c is the tangent bundle to the orbits of the flow f t . Moreover, there are constants C > 0 and λ, 0 < λ < 1, such that for t > 0 we have
It follows from the definition that the distributions E s and E u are continuous and invariant under the map df t .
Constructing an appropriate slice for the K-action on M , one can give the following local description of the projection map p : M → X (see, for instance, [5, Proposition 2.1] for details). 
Recall that, by definition,
and the K-action on K × G UŨ is given by the left translations on K.
We have the corresponding local description for the projection map p S * X : S * K M → S * X associated with the quotient presentation of S * X: p
Using the finite covering K × S * Ũ → K × G U S * Ũ , one can lift the flow f t to a flow F t on K × S * Ũ . We have a commutative diagram
it is a group extension over f t :
where φ t : S * Ũ → K is a smooth function on S * Ũ with values in K. By [7, Theorem 2.2], the flow F t on K × S * Ũ is a partially hyperbolic flow, and, therefore, the flowf t is partially hyperbolic as well.
The flowf t has a smooth invariant measure. Locally, with respect to an equivariant trivialization p −1
defined in a open set U , this measure is the product dk×µ, where dk is a Haar measure on K and µ is the Liouville measure on S * Ũ .
For any (x, ξ) ∈ S * K M , the space E c (x, ξ) coincides with the tangent space of the K-orbit of (x, ξ). As shown by Brin, the distributions E s and E u are Hölder. Moreover, the distributions E s and E u are integrable, and their integral manifolds form invariant continuous foliations W s and W u on S * K M . By [7] and [25] , the foliations W s and W u are transversely absolutely continuous with bounded Jacobian.
To prove ergodicity of the flow f t on S * X, we apply the classical Hopf argument to K-invariant functions on S * K M . We will follow a detailed exposition of the proof of the ergodicity of the geodesic flow given in [6] . Let φ be a f t -invariant measurable function on S * X. Then φ • p S * X is af tinvariant and K-invariant continuous function on S * K M . By [6, Proposition 2.6], φ • p S * X is mod 0 constant on the leaves of W s and W u , that is, there are null sets N s and
. Consider the foliation W uo whose leaves are the orbits of the leaves of W u under the K × R-action given by the K-action on S * K M and the flowf t . By [6, Lemma 3.13], this foliation is absolutely continuous. So we have two transversal absolutely continuous foliations W s and W uo of complimentary dimensions and a measurable function φ • p S * X , which is mod 0 constant on the leaves of W s and mod 0 constant on the leaves of W uo . By [6, Proposition 3.12], we conclude that φ • p S * X is mod 0 constant on S * K M and, therefore, φ is mod 0 constant on S * X, that completed the proof of Theorem 1.3.
Quantum ergodicity
In this section, we prove Theorems 1.1 and 1.2. For this, we apply an abstract approach to quantum ergodicity developed in [32] . We need two results, which maybe of independent interest.
The first result is the local Weyl law for elliptic operators on orbifolds. Throughout in this section, we assume that P is a positive, first-order selfadjoint elliptic pseudodifferential operator on X with positive principal symbol p ∈ S 1 (T * X). We introduce the generalized eigenvalue distribution function of P , setting for any A ∈ Ψ 0 (X)
where as above {ψ j } is an orthonormal basis of eigenfunctions of P with corresponding eigenvalues {λ j } and E λ is the spectral projection of P , corresponding to the semi-axis (−∞, λ].
Remark 4.2. As a consequence of Theorem 4.1, we obtain Weyl's law on counting eigenvalues, first proved by Farsi [11] (see also [29] ): as λ → +∞
Remark 4.3. Theorem 4.1 can be also proved by studying the principal term at t = 0 of the distribution trace tr Ae itP as in [29] . In particular, in [29] , a pointwise Weyl law is proved: as λ → +∞ we have
where B(x) is the volume of the domain {ξ ∈ T * xŨ :p(x, ξ) ≤ 1}, (Ũ , G x , φ U ) is a fundamental coordinate chart about x with φ U (x) = x.
The proof of Theorem 4.1 will be given in Section 5. The second result is the Egorov theorem for orbifolds proved in [22] . As above, let f t be the Hamiltonian flow of p on T * X. Theorem 4.4. For any pseudodifferential operator A of order 0 with the principal symbol σ A ∈ S 0 (T * X), the operator
is a pseudodifferential operator of order 0. Moreover, its principal symbol σ A(t) ∈ S 0 (T * X) is given by
Now let A be the C * closure of the algebra Ψ 0 (X) of zeroth order pseudodifferential operators on X acting in L 2 (X). Define the automorphisms α P t of A by α
Then we have a C * dynamical system (A, R, α).
Each ω j is a normal invariant ergodic state of (A, R, α). By Theorem 4.1, ω λ → ω weakly as λ → ∞. Therefore, the system (A, R, α) is a quantized Gelfand-Naimark-Segal system in the sense of [32] . By Theorem 4.4, the classical limit system is the C * -dynamical system (C(S * p X), R, f * t ), where f * t is the flow on the commutative C * -algebra C(S * p X) induced by the bicharacteristic flow f t on S * p X. The classical limit system is abelian, so (A, R, α) is a quantized abelian system. Thus, Theorems 1.1 and 1.2 are direct consequences of Theorems 1 and 2 in [32] , respectively.
The local Weyl law
The goal of this section is to prove the local Weyl law, Theorem 4.1. We will use an approach based on the generalized zeta-functions of elliptic operators (cf. [9] ). Observe that the zeta functions of elliptic operators on orbifolds were studied in detail in [5] . We slightly extend the results of [5] , introducing the orbifold analogues of the canonical Kontsevich-Vishik trace and the Wodzicki-Guillemin noncommutative residue.
5.1. The canonical trace. First, we describe an orbifold analogue of the canonical trace on pseudodifferential operators introduced by Kontsevich and Vishik [20, 21] .
For any σ ∈ C ∞ (R n \{0}), homogeneous of degree n, i.e. such that σ(λη) = λ n σ(η) for any η = 0 and λ ∈ R * + , let
For any function φ on R n \{0}, let
Recall the following fact on continuation of a homogeneous smooth function on R n \{0} to a homogeneous distribution in R n , see [16] , Theorems 3.2.3 and 3.2.4.
(2) If n = −q − k, there is an extension τ of σ, satisfying the condition
In particular, the obstruction to the existence of an extension τ ∈ D ′ (R n ), homogeneous in η, is given by S(η α σ), |α| = k.
Let L be the functional given by
which is well-defined on symbols σ ∈ S m (R n ) of order m < −n.
Lemma 5.2 ([20]
). The functional L has an unique holomorphic extensioñ L to the space of classical symbols S z (R n ) of non-integral order z. The value ofL on a symbol σ ∼ σ z−j is given bỹ
where τ z−j is the unique homogeneous extension of σ z−j , given by Lemma 5.1, N ≥ Re z + n.
Let (Ũ , G U , φ U ) be a fundamental orbifold chart on X and A ∈ Ψ m (Ũ ), m < −n, is a G U -invariant pseudodifferential operator onŨ with complete symbol k ∈ S m (Ũ × R n ). Its trace is given by the formula
The following formula provides an extension of the trace functional to any pseudodifferential operator A ∈ Ψ z (Ũ ) of arbitrary non-integral order z ∈ C\Z:
This definition can be extended to all operators P ∈ Ψ z (X), z ∈ C\Z. Using [20, 21] , we immediately obtain the following statement.
Proposition 5.3. The linear functional TR on the class Ψ m+Z (X), m ∈ C\Z of classical pseudodifferential operators of orders α ∈ m + Z has the following properties:
(1) It coincides with the usual trace tr for Re α < −n.
(2) It is a trace functional, i.e. TR([A, B]) = 0 for any A ∈ Ψ α 1 (X) and B ∈ Ψ α 2 (X), α 1 + α 2 ∈ m + Z.
5.2.
The noncommutative residue. Now let us turn to an orbifold analogue of the Wodzicki-Guillemin noncommutative residue [14, 30] . Let (Ũ , G U , φ U ) be a fundamental orbifold chart on X. For a G U -invariant pseudodifferential operator A ∈ Ψ m (Ũ ), we define its residue form ρ A oñ U × R n as ρ A = k −n (x, ξ) dx dξ, and its residue trace τ (A) as
It can be easily checked that, for any A ∈ Ψ m (X), its locally defined residue forms ρ A give rise to a well-defined volume form on
, and the residue trace τ (A) is given by integration of the residue form ρ A over S * p X:
Now we describe a relation between the canonical trace and the noncommutative residue. First, recall that a family A(z) ∈ Ψ f (z),−∞ (Ũ ) is holomorphic (in a domain D ⊂ C), if the order f (z) is a holomorphic function, and the complete symbol k(z) ∈ S f (z),−∞ (Ũ × R n ) of A(z) is represented as an asymptotic sum k(z, x, ξ) ∼ ∞ j=0 θ(ξ)k f (z)−j (z, x, ξ), which is uniform in z, with homogeneous components k f (z)−j (z, x, ξ), holomorphic in z.
Proposition 5.4. For any holomorphic family A(z) ∈ Ψ m+z (X), z ∈ D ⊂ C, the function z → TR(A(z)) is meromorphic with no more than simple poles at z k = −m − n + k ∈ D Z, k ≥ 0 and with res z=z k TR(A(z)) = τ (A(z k )).
Proof. The proposition is an immediate consequence of the similar fact for usual pseudodifferential operators [20, 21] (see also [5] ).
5.3.
Proof of Theorem 4.1. Let P be a positive, first-order self-adjoint elliptic pseudodifferential operator on X with positive principal symbol p ∈ S 1 (T * X) and A ∈ Ψ 0 (X). Then we have a holomorphic family A(z) = AP z ∈ Ψ z (X), z ∈ C (see [5] ). By Proposition 5.4, we obtain that the function z → TR(AP z ) is meromorphic with no more than simple poles at z k = −n+k, k ≥ 0. In particular, for Re z < −n, the function z → TR(AP z ) is holomorphic and TR(AP z ) = Tr(AP z ).
Therefore, TR(AP z ) gives a meromorphic extension of the generalized zeta function ζ A (z) = Tr(AP z ) to the complex plane. Moreover, by Proposition 5.4, we have res z=−n TR(AP z ) = τ (AP −n ).
By definition, the residue form ρ AP −n is given by
where d −n is the homogeneous component of degree −n of the complete symbol of the operator AP −n . Since AP −n ∈ Ψ −n (X), d −n coincides with the principal symbol of AP −n . Therefore d −n is invariantly defined as a function on T * X \ {0} and equals
The proof is completed by using the formula
and the Ikehara Tauberian theorem (see, for instance, [27] ).
